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Finite Antichain Condition

A partial order is FAC (Finite Antichain Condition) if it has no
infinite antichains.

A WPO (Well Partial Order) is a well founded (no infinite
descending sequences) FAC partial order.

For example, linear orders are FAC and well orders are well partial
orders.
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Some WPOs (up to equivalence):
e Finite strings over a finite alphabet (Higman 1952).
e Finite trees (Kruskal 1960).
e Countable linear orders (Laver 1971)

e Finite graphs (Robertson and Seymour 2004)
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Linear extensions of partial orders
A characterization of FAC

An initial interval | of P is a downward closed subset of P.

An ideal A of P is an initial interval such that for any x,y € A
there exists z € A with x,y <p z.
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A characterization of FAC

Initial interval = downward closed subset.

Ideal = initial interval such that any two elements have a common
upper bound.

Theorem (Erdds-Tarski 1943, Bonnet 1973)

A partial order is FAC iff every initial interval is a finite union of
ideals.

You can state this in terms of final intervals and filters.
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Reverse Mathematics of ETB

Consider the two directions:
ETB™ If P is FAC, then every initial interval of P is a finite union of
ideals.

ETB [If P is not FAC, then there exists an initial interval which is
not a finite union of ideals.

Theorem (Marcone and F)
The following hold:
e Over RCAqy, ETB™ is equivalent to ACAg
e ETB* s provable in WKLg;
e ETB* is not provable in RCAq (hint by Igusa G.).
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Reverse Mathematics of ETB™

Theorem
The following are pairwise equivalent over RCAq.

1. ACAo,'
2. Every WPO is a finite union of ideals;

3. ETB™: Every initial interval of a FAC partial order is a finite
union of ideals.

The original proof uses (some form of) choice. The proof in ACA
requires a new argument.

Notice that ETB™ clearly implies 2.
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Reverse mathematics of ETB™

Proof.
We show that ACAg proves that every WPO is a finite union of

ideals.
e Let P = {x,: n € N} be an infinite WPO.
e By recursion, for every n € N, we define k, principal ideals
0 AL, .. ..
e A principal ideal is (a) = {x € P: x <p a}.
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Reverse mathematics of ETB™

Proof.

e Stage n+ 1: suppose you have defined k, principle ideals
g, A7, ... and consider xp.

e If there are A7 = (a) and z € P such that a,x, <p z, let
AT = (2),
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Linear extensions of partial orders
Reverse mathematics of ETB™

Proof.

e Stage n+ 1: suppose you have defined k, principle ideals
g, A7, ... and consider xp.

o Otherwise, add the principle ideal (x,).

Tn
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Reverse mathematics of ETB™

Proof.

e Stage n+ 1: suppose you have defined k, principle ideals

0, A7, ... and consider x,.

o Let Ai = J,en A7
e Then P = |J; A; is a union of ideals.

e Prove that this union is finite: here you use that P is
WPO. O
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Reverse Mathematics of ETB*

Theorem
The statement:

e ETB: If P is not FAC, then there is an initial interval which
is not a finite union of ideals

is false in the model of computable sets.

(Notice that RCAq proves ETB* under the assumption that there
is a maximal antichain.)
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Reverse Mathematics of ETB*

Proof (finite injury).

e We define a partial order P by stages meeting for all e:

Re: (3y) [(pe(y) =1 = (v¥2)(z <p y)) A
(pe(y) =0 — (V2)(y <p 2))]

o At stage s we define <p on Ps = {x0, Y0, .-, Xs—1,Ys—1}-
e The x,'s yield an infinite computable antichain.

e A single requirement R, is satisfied by fixing a witness y and
waiting for a stage s + 1 such that ¢ s(y) € {0,1}.
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Linear extensions of partial orders
Reverse Mathematics of ETB*
Proof.

o Stage s+ 1: if pes(y) =1, we let xs, s <p k-
To

Yo Y=Yk Ts—1 Ys—1
e Transitivity requires attention.



Finite Antichain Condition Scattered linear orders

0000000000080

Reverse Mathematics of ETB*

Question
What is the reverse mathematics strength of:
e ETB*: If P is not FAC, then there is an initial interval which
is not a finite union of ideals.

WKL proves more: in fact the initial interval (a path of a suitable
tree) contains the given infinite antichain.
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Scattered linear orders

A linear order is scattered if it does not embed the rationals.

For instance, Z is scattered, whereas Z - QQ is not scattered.

It is easy to see that a linear order is scattered iff it has no dense
subsets. This can be proved in RCAy.
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Scattered linear orders

A rather less obvious characterization is the following (see Fraissé):

Theorem
A countable linear order L is scattered iff there exists a countable
ordinal o@ which does not embed into L.

One direction of the theorem is provable in RCAg, since RCAq
proves that Q embeds any countable linear order.
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Scattered linear orders

Theorem
A countable scattered linear order does not embed every countable
ordinal.

This is not true in general (w; is scattered but embeds every

countable ordinal).

Classical proof.

Forxe L letxt={yel:y<; x}andx" ={yeL:y> x}
e Let L be a countable linear order. Prove the contrapositive.

e Enumerate Q = {qo, ai, - - }
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Scattered linear orders

Classical proof.

e For every a < wi, a+ 1+ a embeds into L, and so there is
x € L such that o embeds both into x* and xT.

L
.|

. T

e | is countable. Hence there is xg € L such that every a < w;
embeds both into Xé and into xg.

o Keep on embedding Q. O
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Reverse Mathematics

Theorem (F and Marcone)

ATRg proves that a countable scattered linear order does not
embed every countable linear order.

The proof uses:
1. Every scattered linear order is embeddable in some Z%;
2. w*+ 1 is not embeddable in Z“.

P. Clote 1989 proved 1 in ATRp. We prove 2 in ACAp.
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Reverse Mathematics

Questions
What is the reverse mathematics strength of:

e w*+ 1 is not embeddable in Z%;
e Every scattered linear order is embeddable in some Z%;

e A countable scattered linear order does not embed every
countable ordinal.
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Spilzrajn's Theorem

Szpilrajn’s Theorem (1930) says that any partial order has a linear
extension. This is a starting point for many natural questions. In
most cases, these questions have the following pattern: let P be
some property about partial orders. Then:

Question

Is it true that any partial order satyisfing P has a linear extension
which also satisfies P?

For example, the extendibility problem has this form. A linear order
type 7 is extendible if every partial order which does not embed 7
has a linear extension which does not embed 7 either.

For instance, w, ¢ (the integers) and 7 (the rationals) are
extendible.
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Linearization of w, w*, w + w* and (

w w*
..................... > D G I
w+w
..................... > arerereeeneraeeeans
D R R R I I Y »

We say that a countable partial order P is:
o w-like if every element of P has finitely many predecessors;
o w*-like if every element of P has finitely many successors;

e w + w*-like if every element of P has finitely many
predecessors or finitely many successors;

o (-like if for every pair of elements x, y € P there exist only
finitely many elements z with x <p z <p y.
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Linearization of w, w*, w + w* and (

For any 7 € {w,w*,w + w*, (}, we say that 7 is linearizable if
every 7-like partial order has a 7-like linear extension.

Theorem
The following hold:
1. w is linearizable (Milner and Pouzet, see Fraissé);
2. w* is linearizable;
3. w+ w* is linearizable;
4. ( is linearizable.

4. appears to be a new result.
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The statements

For 7 € {w,w*,w + w*, (}, we study the statements:

e 7 is linearizable: every 7-like partial order has a 7-like linear
extension;

e 7 is embeddable: every 7-like partial order is embeddable
into 7.

The relevant systems are RCAg, BE9 (X3 bounding principle) and
ACAg.
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Results

Theorem (F and Marcone)
Over RCA(),
e T is linearizable” is equivalent to:
o BXY when 7 € {w,w*, ¢},
o ACAg when 7 = w + w*.

e ‘T is embeddable” is equivalent to ACAq for each 7.
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}:S bounding principle

Recall that BEY is the schema:
BXY (Vi < n)(3m)p(i,n,m) = (3k)(Vi < n)(3m < k)p(i, n, m),
where ¢ is any ):8 formula.

ACA
RT3 »9-IND WKL,

v v

RTL, <—> BY)
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}:S bounding principle

When proving our equivalences with BX9, we make use of another
equivalent:

FUF (Vi < n)(X; is finite) = (J; ., X; is finite.

The linearizability of w is a “genuine” mathematical theorem which
turns out to be equivalent to BX).
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Linearizability of w

Theorem

“

w is linearizable” is equivalent to B}:g over RCAy.

Proof.
Reason in RCAg and assume BX (actually FUF).
e Let P be an infinite w-like partial order. By recursion define
(zn)n C P such that z, £p z; for all n and for all i < n. Here
use FUF and the fact that P is infinite to find z,.
e Let L be a linear extension of Znau P,, where
P, ={x€ P:x<pz, AN(Vi<n)(x £p z)}. Prove that L is
an w-like linear extension of P.
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Linearizability of w

Proof.

For the reversal, prove FUF.
o Let {Xi}i<, be a finite family of finite sets.
e Set the partial order P = @,_,(X; + {ai}).

ap aq as

e P is w-like. Apply the HP and obtain an w-like linear
extension L. Let a; be the [-maximum of the a;'s.

e Then (J;_, X; is finite because it is included in the set of the
L-predecessors of a;. O
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Linearizability of w + w*

Theorem
‘w+ w* is linearizable” is equivalent to ACAg over RCAy.

Proof.
In ACAg we can sort out the elements with finitely many
predecessors from the others and apply B}:g.

For the reversal, we reason in RCAg and prove that for every
one-to-one function f: N — N, the range of f exists.

o Let A= {a,: n € N} be the w + w* linear order given by the
false and the true stages of f.

e ne Nis false if (3m > n)(f(m) < n).
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Linearizability of w + w*

Proof.

e We define an w + w*-like partial order P putting together A
with a linear order B of order type w*.

e By HP, there is an w + w*-like linear extension L.
o “nis false” is MY definable by (Vm)(a, < bm). O
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Embeddability of w

Theorem
‘w is embeddable” is equivalent to ACAg over RCAy.

Proof.
Assume ACAj.

e Let P an w-like partial order.
e By BXY there exists an w-like linear extension L.

e Define an embedding h: P — w by letting

h(x)=|{y € P: y <i x}|.
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Embeddability of w

Proof.

For the reversal, assume that w is embeddable.
e Let f: N — N be a one-to-one function. We prove that the
range of f exists.

e Define an w-like partial order P as in the picture.
ag ai a2 af(n)

e Apply the HP and obtain an embedding h: P — w.
e Check that (3n)(f(n) = m) iff (In < h(am))(f(n) =m). [
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